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Abstract. The effective matrix element of the spin-orbit coupling between the *E and
1T, states of the Cr+ ion was caleulated according to the Cy point symmetry thal the
Cr't ion occupies in garnets and the Huang-Rhys S factor and phonon energy he,
which were estimated using the rcom-temperature absorption and emission spectra by
means of a special multi-mode model. Based on the parameters obtained, the ratios of
litetimes T{2E}/=(*T:) for C* in crystals of the garnels GSGG, YSGG, GGG and YGG
were Calculated by the models proposed by Donnelly e al and Wojlowicz er al. The
results turned out to be satisfactory. All the theoretical models describing the coupling
of 2E and *T; states were compared and evaluated.

1. Introduction

Chromium-doped crystals with weak or intermediate crystal field are tunable laser
materials [1-3). The laser action is based on the “T, to ‘A, transition, which has
a broad-band emission, and the °E to ‘A, transition, which results in the R line.
Although the E level is not directly involved in laser action, it provides a particle
reservoir for *T,. Thercfore, the ratio of 7(*E)/7(*T,) is an important parameter
for a tunable laser crystal. The 2E to “A, transition corresponds to spin-forbidden
luminescence with a lifetime in the millisecond range. The spin-forbidden law is
partly broken by the spin—orbit coupling between 2E and *T, states and the clectron~
phonon interaction, which mixes phonon states of *E and those of “T,. There is a
series of papers concentrating on the mechanism of 2E luminescence that have tried
to calculate theoretically the ratio of intensitics and lifetimes between “E and *T,
downward transitions [4-8]. An expression for the approximate wavefunction for the
perturbed *E state was given by Donnclly er af [5], which took into account both
spin—orbit and clectron-phonon interactions. According to this cxpression, the ratio
concerned can be calculated, although the authors of [5] did not do so. Wojtowicz
et al {9] proposed two models to deal with similar problems. Their model A (frozen
lattice model) and model B (designated by them as a modified DHGIM model) are
different only in the sequence of introducing spin-orbit coupling and electron—phenon
interaction. Their model B is basically the same as that proposed by Donnelly et af,
cxcept that the energy denominators are different. The conclusion of [9] is that their
model A is better than model B. Nevertheless, in order to reach a better fit by their
model A, a value of 1{ R, + R,), where ) and R, arc equilibrium positions for the
system in the *E and T, states respectively, should be chosen for R, as the frozen
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lattice position. This assumption has no clear physical meaning and is somcwhat
artificial. In fact, the calculation results are dependent on the choice of the values
of S, hw and W. Thercfore, to judge which model is suitable, it is necessary to
cxamine first whether all the chosen parameters are suitable. Obviously, the W
value (200 cm~!) used by Wojtowicz [9] is a calculated value for Cr** ions sited at
cubic symmetry positions [10]. However, the actual site symmectry of the Cr3* jon in
garnets is Cy; and that in ruby is C,. It will be shown that the spin—orbit interaction
matrix clement W corresponding to thesce point groups nceds to be recalculated.
On the other hand, the 5 and Aw values should be determined by fluorescence and
absorption spectra for every kind of crystal; it is unreasonable to choose § = 6 and
hw = 250 cm™~! for all the different crystals.

In this paper, we will first calculate the spin—orbit interaction matrix clements,
according to the exact point group symmetry that Cr* occupics, using the group
chain scheme introduced by Butler [11], Prepho and Schatz [12]. Sccondly, based on
a multi-mode model proposed by Huang Kun [13], 5 and hw can be estimated by
using room-temperature spectra [14]. This multi-mode method and the results are
also introduced. Finally, all the paramcters obtained are used to calculate the ratios
of lifetimes and the results arc compared with those published in [9] to evaluate the
rationality of the models for calculating the ratio of lifetimes.

2. Calculation of spin—-orbit interaction matrix elements between “E and T, states

As an cxample, we will calculate the matrix elements of spin-orbit interaction
W = (®E, i|H |*T,, i), for garnet crystals, in which Cr*t ions occupy Cy; = §; site
symmetry positions, where 7 and ' denote a series of state labels along the group
chain O; D O, D D3y O Cy; for 2E and *T, levels respectively. In the calculation of
W, the Wigner—Eckart theorem was used to obtain the matrix element for the scalar
product of spin and orbit vectors [11]

— =10
Ui~ Si) = —{L.Sih (2.1)
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and the Racah factorization lemma of 3-jm factors [11, 12]
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can also be used. Then the general formula for the calculation of matrix elements

H, can be written as
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n (8 Ts T Tg
Q“@rfﬁr;m L 1 T, T

= ) Yy S Y S T S (16,6, H(F s Tst)

g 51 5y nory 7Ty TS TS, Ts,

H.50

. . s r: I t
x H(T5, T3t ){Ts {503 39, H{T g, T3t r'} 4 22 1
FSJ F3 93 S15rr!

SAIAIEIGIOIDICENS
Ig, I's, Cg, I I, r, r;, 1 T e,
y (Is 1 rs) ( 05, o 5> (L" 1 L:)
1-\52 g; FSZ s, st g; 5 ray F; 1 rl -
F,{ 1 I”1 FS ag; F’Z n 1/2
X (FE 1’3) (r; r: {—¢lii + 120+ 13]Y7)
Tz 3

o)) 93
S ULS,
&

where U is the Racah unit tensor and all the symbols used arc the same as those
adopted by Butler [11]. The labels of the representation for corresponding groups
in the group chain are L(O;), T'1(O}, T,(Dsyy), I'5(Cy) and S(0;), I (04),
g, (Dy), g (Cy); r; denotes the number of repeat representations in related
groups; and ¢ is the spin—orbit coupling constant of free Cr** ions. The irreducible
tensor matrix element

D ULS,

k

<l"a5'L‘
can be found from [15]. For the casc concerned, | = 2, § =
L' = 3, so equation (2.5) equals —+/3,
If Cr** ions occupy a cubic site symmetry position, then cquation (2.4) in this

case becomes
2 o 3 34 % % 3
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The values of the 3-jm factor and 6-jm symbol can be found from tables given in
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All the 2-jm factors concerned are unity. Substituting into (2.6), it is easy to obtain
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With ¢ = 275 cm~! [16], the magnitude of W obtained is 201 cm™!, the same as
that given by Ruciman and Schroeder [10].

The site symmetry possessed by the Cr’* ion in garnets is Cy;. In this case, there
are twelve sublevels for *T, and four sublevels for ?E. They are denoted as follows:

2 % % % 1 2 | % % —% 1
-l 1 3)-1) el )
2z % % _% 3 2 % % % 3
|E,3>= (2 1 _1)5) _|Ea4>= 7 1 1)5)
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These wavelfunctions are written in the following scheme

(rsi(oh) I'5,(Dsy) FsJ(Cai))t>.

[(0)  [(Dsg)  T5(Ca)

By using equation (2.4) and the 2-jm, 3-jm factors and 6-jwm symbols given in
the appendix, all the matrix elements between substates of *T, and those of E can
be calculated. The results are given in table 1.

Obviously, by the effect of spin—orbit coupling, “T, components are mixed into
sublevels of “E:

PE, 1) = 'E, 1)y + [(/AEC*T,2*E)][—(5/14) /3Ty, 1) — (5/28) /%' Ty, 2)
— (15/56)2°T,, 3} —i(15/56)1/%*T,, 4}] (2.9)

assuming |*T,, ) ( = 1,2,...,12) are approximately degenerate. Similar expressions
for |°E, 2), |°E, 3} and |°E, 4) can be easily written down:

PE,2) = ’E,2), + [¢/AECT,-E)[—(5/18)Y2|*T,, 5) 4 (5/28)"/%|*T,, 6)

—i(15/56)2)*T,, 7y + (15/56)'/%|°T,, 8)] (2.10)
PE,3) = PPE,3)y + [¢ /A EC*T,-2E)[(5/14) /7Ty, 9) — (5/28)!/%*T, 10)
+1(15/56)Y2*T,, 11) — (15/56)"/2|*T;, 12)] (2.11)

[PE,4) = |’E, 4), + [¢/A ECT,-2E)(5/28)2°T,, 9) + (5/14)1/3°T,, 10)
+ (15/56)"21%T,, 11) + i(15/56)'/2*T,, 12)]. (2.12)
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Table 1. Matrix elements of spin—orbit interaction Hyo between states of T, and 2E.

|4T2s I) I4T2: 2) |4T21 3) |4T25 4)
(CE, 1| —(5/10)Y2 ~(5/28)1/2 _(15/56)1/2  ~i(15/56)1/2

[*T2,5) 1T, 6) [*T2, T) [T, 8)
(E, 2| —(5/14)Y  (5/28)1/2 _i(15/56)1/2  (15/56)1/2

1Ty, 9) [*Ty, 10) [Tz, 11) [Tz, 12)
CE, 3|  (5/18)2 —(5/28)1/2  i(15/56)1/2 _{15/56)1/2
CE 4] (5/28)Y%  (S/14)W2 (15/56)142  i(15/56)1/2

In the calculation of the lifetime of ?E, the electric-dipole (ED) matrix elements
between *T, and ‘A, are involved. Owing to the fact that the garnet crystal belongs
to a cubic space group O}’, macroscopically, the ED transition rates between cach
sublevel of *T, to related sublevels of *A, should be the same and equal to those in
the case in which Cr** occupies a cubic point group site, so that on average we have

(T2 dM A0 7 = [{("T, | MJ*A,) 2 (2.13)
This statement can also be demonstratcd mathematically. Here M, is the effective
electric-dipole moment and [*T,,¢) for i = 1,2,3,...,12 are crystal-ficld (CF)

eigenfunctions of C;; symmetry, while the wavefunctions |*T,} and |*A,) are referred
to those of O, symmetry. For the sake of simplicity, the bar symbol of the average
will be omitted in the following equations. Because spin variables are not contained
in the dipole moment, in the transition process, all the spin variables involved cannot
be changed. Any one of the twelve 9T, states can only transit to one of the four YA,
states. Then equations (2.9) and (2.13) result in the following equation:

IPE, UM A = [C/(AE){[—(5/14)!/2 — (5/28)Y/2 — (15/56)/%)?

+ (15/56) (" Ty M [*A) . (2.14)
Similarly, we have
|CE, 2l M *ANE = (/A EY{[—(5/14)7 + (5/28)1% + (15/56)1/2)?

+ (15/56) H(* Ty | M J*A,)|? (2.15)
|CE, 3| M A = [¢P/(AEY{I(5/14)'/% — (5/28)1/% — (15/56)1/%]*

+ (15/56) (*To | M| Aj)1? (2.16)
and
[CE, 4 M, |* AP = [CB/(AEVI{[(5/14)1/% + (5/28)'/2 + (15/56)!/*)

+ (15/56)}[{* T, | A [* A 1. (2.17)

I*E, %) (i = 1, 2, 3, 4) are approximately degenerate and so the total particle number
N(?E) can be seen as equally populated in cach of these four states with probabilities
of 1/4. Therefore, the average transition rates A(2E — “A,) can be cstimated by

ACE —"A)) = (1) D ACE,i —*Ay). (2.18)
We can, in another way, assume an effective spin—orbit coupling matrix clement
W' with
W2 = (¢ /4){20(5/14)/2 + (5/28)!/* + (15/56) /%
+ 2[—(5/14)M % 4 (5/28)1/2 4 (15/56)1/ %)% + 4(15/56)} = 1.5088¢2
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and W' = 1.2283¢ = 338 cm~! assuming ¢ = 275 cm~! [16].

Concerning the breaking of the spin-forbidden law of electric dipole transition,
detailed theoretical analysis shows that the low-symmetry distortion of the crystal ficld
has a strong cffcct on the spin-orbit coupling, although it has only a weak effect on
the further splitting of the energy levels. In the study of luminescence of 2E states, if
the active Cr** ion occupies a position with a symmetry lower than cubic, one cannot
usc the value of W for the situation of cubic symmetry.

3. Estimation of Huang—Rhys § factor and phonon energy hw

It has been pointed out in section 1 that S and fw should be determined from detaifed
spectral information. In order to obtain a reasonable estimation of these parameters,
two facts should be considered. First, in rcality, the electron-phonon coupling is
in fact a multi-mode interaction and the usual single-mode model is too simple to
describe physical reality. Second, most of the spectral data were obtained at room
temperature or 77 K, but almost all the estimations of S and hw published are based
on a formula for 0 K. We proposed a modcel that can take into account these two facts
{14]. From the mcasured half-width B of the (lunrescence emission spectrum and the
Stokes shift Eg determined from the separation between the emission spectral peak
and the absorption spectral peak, the ratio = can be calculated

r= B/(Es/2). (3.1)
On the other hand, the Stokes shift Eg is

Eq=FE,— E, =28hw. (3.2)
The average phonon energy fiw can be defined as

— 1 w

S = Z( £) AL, (3.4)

For high temperature and under strong coupling condition, we have

B = 2.3548[5( TV hu)2)V/? (3.5)

where
h

S(T) = ZA“k( )coth (E_;_ﬁc.) (3.6)
and

P Bhw, 2

(hw) = S(T)Z[ th( r)coth( - )](ﬁwk). (3.7)
Therefore

r._55452[ 2. (“ )c th( M")](h k)z/ZAM( )(ﬁwk) (3.8)

Bascd on an approximation proposed by Huang Kun [13], we used a model
consisting of five multiple-frequency modes. Let their frequencies differ by a fixed
multiple factor and let the product 5 hw, (for k=1,2,3,4,5)be

Sp(hiwy) = A2, (%) =3 ZAJzk (%) (Awy,) (3.9)
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and Aw, = khw; for & = 1,2,3,4,5. At room temperature 3 = 1/kT =
0.005 em=*. Then
5
r=1.109 > "[coth{0.0025 ki, ) (khiw; )] (3.10)
k=1
Using the values of r obtained by spectral measurements and equation (3.2), it is
easy to determine fww by equation (3.8). Then S, can be obtained by

Sihw, = H(Shw) = 16( Es) (311}
and

S=S5(1+1+1i+1+1)=2285 (3.12)

fiw = (1/8)(Eg/2). (313)

The S and fiw values obtained by this method are given in table 2 based on the
spectral data from [4]. In the following calculations, the average value Fw will be
seen as the phonon energy and the average symbol will be omitted.

We would like to point out, additionally, that there is a mistake in [14]: the
caption of table 1 should be exchanged with that of table 2.

Table 2. Calculated results of Huang-Rhys factor and phonon energy of Cr3*-doped
tunable laser garnet crystals.

Cryslals YGG GGG YSGG GS5GG

5 545 5.04 4.40 4.49
Fw (em~1ly 2387 252.5 317.8 293.9

Table 3. Comparison of the experimental and model calculation of 7(*E)/r{*T,) for
GSGG, YSGG, GGG and YGG garnets doped with CP+; r(*T,) was taken to be 90 us, and
the experimental values are taken from [9].

Theoretical T({2E}/r(*Ty}

AFE Experimental
Material  (em~1)  r(ZE)/r(*T;) DHGIM Modified DHGIM  Frozen lattice
GSGG 50 24 35 2.6 1.8
YSGG 350 13.7 15.7 15.4 8.7
GGG 380 16.0 16.4 16.2 10.8
YGG 650 26.1 26.5 26.2 21.0

4. Results and discussion

By using the values of W, S and Aw obtained by the methods described in previous
sections, the models proposed by Donnelly er al [5] and Wojtowicz et al [9] were
used to calculate the ratio of lifetimes and the results are given in table 3. Tt is at
once apparcnt that the agreement between the experimental results and calculated
values of the DHGIM model and modified DHGIM model is satisfactory, bur that for
the frozen lattice model appears very unsatisfaciory. As pointed out by Yamaga
et al [6], the lattice relaxation encrgy is fairly large comparced with the spin-orbit
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interaction, and so it is physically reasonable to introduce first the effect of electron—
phonon interaction, which can change the electron distribution in each electronic
state, The effect of H, can then be dealt with as a perturbation to the clectron-
phonon system. On the contrary, the frozen lattice mode! incorrectly introduces
first a perturbation that has a smaller effect on the system; besides, it has assumed
unreasonably a prercquisite that the cquilibrium position of the frozen lattice R, is
close to %(Rl + R;). Apparently, the models that have a correct and clear physical
meaning will be those which agree well with experimental results. It is noted that, in
the calculation presented, all the parameters used were obtained from an independent
theorctical method or experimental results without introduction of any adjustable
parameter. Therefore, it is safe to say that the judgment formed upon these models
is objective and reasonable. Probably, the reason why the results of modified bHGIM
are better than those of DHGIM is that £, — E, appearing in the denominator of
equation (10} in [9] was substituted by the experimental energy separation between
*T, and 2E states in the actual calculation, which is in fact the perturbed energy
separation. In other words, in equations (6) and (7) in [5], if one refers & to the
experimental ¢nergy scparation, then it seems unnecessary to add a term coming from
the effect of H_,.

In order to obtain a good result, it is also important to have a correct estimation
of the S and hw parameters. The method based on the statistical multi-mode model
proposed by Huang Kun turned out to be goed enough.

It is noteworthy that the crystal energy states, either T, or 2E, are in fact split
into Jevels with a certain separation. As shown in section 2, they usually have different
spin—orbit coupling matrix elements. On the other hand, the particle population in
the separated levels of T, or 2E cannot be the same. Therefore, to obtain a better
result, especially in the case of small energy separation between T, and 2E, it is
necessary to calculate the mixing between |*T,, i) and j2E, j) scparately and then to
estimate the cffective lifetime of 2E according to the following formula:

1/7(E) = Y exp(—A,/kT) ACE, i) / S exp(=A,/kT)

where A; for ¢ = 1,2,3,4 are energy separations from the lowest level of 2E.

When the separation between 4T, and ?E is large enongh, it is possible to use
an effective spin—orbit coupling matrix element to discuss the mixing of these two
states behaving like two single states belonging to related irreducible representations
of cubic point symmetry. It is demonstrated in our calcujation that this approximation
is pood enough for the situations in Cr¥t.doped garnets with low and intermediate
crystal field.

In conclusion we would like also to emphasize that, in the study of luminescence
and other rclated phenomena, if necessary, the spin—orbit coupling should be
calculated according to the exact site symmetry that the active centre occupies.

Appendix

The irreducible representations of groups considered in this paper are labelled using
Butler’s notations [11]). The correspondences among the labels of Butler, Bethe and
Mulliken are as follows:
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The 6-jm symbols of C,;, which exist and are equal to unity in our consideration,
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